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Throughout this paper C1( '), C2('), ... will denote positive constants
depending only on the values given in the parenthesis. Let II" be the set of
all real algebraic polynomials of degree at most n. A weaker version of an
inequality of the brothers Markov (see [8,9]) asserts that

max Iplm)(x)1
A~x~B

(
2nz )m

~ -- max Ip(x)1
B-A A,,;,x,,;,B

(1)

For 0<r~(B-A)!2 (A, BEIR) let

Dl(A, B, 1')+:= {zECllz-(A+r)1 <I'}

and denote by S~(A,B,r)+ (O~k~n) the set of those polynomials from
IIn which have at most k roots in Dl(A, B, 1') +. From (40) of [2J, by a
simple linear transformation we obtain

THEOREM A. Let 0<r~(B-A)!2, A. BEIR, O~k~n, n, m?;, 1, and
sES~(A, B, 1')+. Then

(
n(k + 1)z )m

Islm)(A)1 ~cl(m) / max Is(x)l·
v r(B-A) A,,;,x,,;,B

Let
IIPlla:= sup Ip(x) exp( _xa)1

O~x< x

(pElIn , a>O), (2)

Dz(r):= {zECllz-rl <I'}

D 3(r):= {zEClRez>r}

(1'>0), (3)

(4)
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214 T. ERDELYI

and denote by W~(r) and V~(r) (O~k~n, r~O) the set of those polyno­
mials from Iln which have at most k roots in D2(r) and D 3(r), respectively.
The main purpose of this paper is to give Markov-type estimates for the
derivatives of polynomials from Iln, W~(r), and V~(r) (O~k~n, r>O) on
[0, 00) with respect to the norm 11·11 a' We shall prove the following
theorems.

THEOREM 1. Let n ~ 2, m ~ 1, and a> O. Then we have

where

if !<a<oo

if a=!

if O<a<!.

THEOREM 2. Let n~2, O~k~n, m~ 1, r~O, and a>O. Then we have

where

n2- 1/a (O~r~n1/a-2)

Ln(a, r) =
nl-l/12a)

(nl/a-2~r~nl/a);-;
n1 - 1/a (n 1/a~ r < (0)

if 1~a< 00,

n2 -l/a (0~r~n1/a-2)

LII(a, r) =
n1- J/12a)

(n J/a- 2~ r ~ n2- 1/a);-;
1 (n2-1/a~r< (0)

if! < a ~ 1,

log2 n (0 ~ r~ log-2 n)

Ln(a, r) =
log n

(log-2 n ~ r ~ log2 n);-;
1 (log2 n ~ r < 00 )



if a= 1, and
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if 0<a<1·

THEOREM 3. If k = 0, 1~ m ~ n, and 0< a #- t then up to the constant
depending only on a and m Theorems 1 and 2 are sharp.

Conjecture 1. Up to the constant c3(a, m) Theorem 2 is sharp even in
the case when k = 0, 1~ m ~ n, and a = ~.

THEOREM 4. Let n, m;:;; 1, r;:;; 0, and a> O. Then we hm'e

where

{

r la - 1+ n l - I:a + 1
Gn(a, r)= l-j'an .

when 1< a < OC',

(p E V?,(r)),

(O~r~nl'a)

(n la < r <x)

and

(O~r~nl)

(n l < r < Xi ),

when O<a<1.

THEOREM 5. For all 0< a #- ±and 1~ m ~ n, up to the constant cl(a. m)
Theorem 4 is sharp.

Conjecture 2. Up to the constant c4 (a, m) Theorem 4 is sharp even for
a = ! and 1~ m ~ n.

(To see this it would be sufficient to prove that Theorem 1 is sharp whe!1
a= 1.)

Proof of Theorem 1. It is sufficient to prove the theorem when m = 1,
from this the general case follows by induction on m. We distinguish two
cases.

Case 1. 1~ a < oc. Denote the integer part of a by [al A close inspec­
tion of its derivative shows that

(
x[a] )In

F(x):= 1- n [a],a, exp(x
Q

)

640·58 '2-7
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is monotonically decreasing in [0, n l
/
a

]; therefore

( ") > () ._ exp( _ y")
exp -x = q".y x .- (1- y["]/n[a]/a)2"

(
X[a] )2"

x 1- n [a]/" ~ 0 (5)

Now let p E II" be arbitrary. Then s := pq", y E II(2[a] + I)" (0 ~ Y ~ nl/"), so
by (1) and (5) we obtain

~C5(a)n2-I/a max ,lp(x)exp(-xa)1
y;i; x;i; y + (1/2),,1,"

(6)

Further a simple calculation shows that

(7)

Hence and from (6)

Ip'(y) exp( - y")1 = Ip'(y) q",y(y)!

~ Is'(y)1 + Ip(y) q;"y(y)1

~c5(a)n2-l/a Ilpll"
+ c6(a)n l

-
I/a Ip(y) exp( _ ya)1

~c7(a)n2-l/allplla (pEII",O~y~!nl/a). (8)

Finally by (1) we get

2n2

Ip'(y)exp(-ya)l~exp(-ya)- max Ip(x)1
y O;i;x;i;y

~4n2-lla max Ip(x)exp(-xa)1
O~x~y

~4n2-I/a Ilplla

Now (8) and (9) give Theorem 1 in this case.
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Case 2. 0 < a ~ 1. We need the following Markov-type inequality,

sup If'(x)exp( -lxlb)1 ~c8(b) Hn(b) sup If(x)exp( -Ixl b
)

Ixl < xc Ixl < CD

217

(f E II2n' n ~ 2, b > 0 ), ( 10)

where

if l~b<,x,

if b = 1

if 0 < b < 1.

(Ii)

(See G. Freud [4] (2 ~ b < CX), A. L. Levin and D. S. Lubinsky [5]
(1 <b<2), and P. Nevai and V. Totik [11] (O<b~ 1).) Now letgelln be
arbitrary and f(x) = g(x2)E ll2n" Using (10) and the substitutions z =)(2

and a = b12, we get

Ig'(O)1 = ~ 11"(0)1

~ c9(b)(Hn(bW sup If(x) exp( -Ixl b)!
Ixl < ex

~ clQ(a) Kn(a) sup Ig(z) exp( _za;2)1
O~z< rx

(0 < a <XJ). (12)

Let p E lln and y E [0, CX) be arbitrary. Consider the polynomial g(x) :=
p(x + y) E JIn" Applying (12) to g and using that x a+ ya ~ (x -+- y)"
(x, y ~ 0, 0 ~ a ~ 1), we obtain

Ip'(y)j = Ig'(O)1

~ clQ(a) Kn(a) Ilglla

~ clQ(a) Kn(a) exp(ya) sup Ip(x + y) exp( - (x + )')a)l
X"~O

(13 )

which yields Theorem 1 in this case as well. I

Note 1. In case a = 1 Theorem 2 was proved by G. Szego [12], but his
method does not work in the general case.

Before proving Theorem 2 we establish a Bernstein-type estimate on
[0, ex) with respect to the norm Ilplla'
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LEMMA 1. Let m ~ 1, a> 0, y>O. Then

Iplm)(y) exp( - ya)l;:::; cll(a, m)(Hn(2a))m y-m/Z Ilplla

where Hn(b) is defined by (11) for b>O.

Proof From (10), by induction on m it is straightforward that

sup If(m)(x) exp( -lxlb)1
Ixl < 00

;:::;cdb, m)(Hn(b»m sup If(x)exp( -lxlb)1
Ixl < 00

(f E IIzn , 0 < b < CD ).

(14 )

We prove the lemma by induction on m. The statement holds for m = O.
Now suppose that it holds for all 0;:::; /1;:::; m - 1. Let p E IIn be arbitrary and
letf(x) := p(xZ

) E [Jzn- It is easy to check that with suitable constants c1l,v,m

depending only on /1, v, and m we have

O~v~ll~m-l

2tl- v~m

C x Vp(l'l(xZ).p,v.m , (15)

thus with the substitution y = x Z and b = 2a we have

+
O~v;£J..l."?=m-l

2/1- v~m

Here by the induction assumption

l y V/Zp (I')(y) exp( _ ya)1

= l y l'/Zp(l')exp( _ yb)1 ylv-I')/2

;:::; cll(a, /1)(Hn(2a))l1 Ilplla (Hn(2a))l1 -,.

;:::; cll(a, /1)(Hn(2a»m Ilplla

(0;:::; V;:::; /1;:::;m -1,211- v ;:::;m, Y ~ (H,,(2a»-Z). (17)

Using the substitutions y = x 2
, b = 2a, and recalling thatf(x) = p(x2

) E [[2,,,

from (14) we get

Ipm)(x) exp( -lxlb)1

;:::; cdb, m)(Hn (2a»m Ilplla (y ~ 0). (18)
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Now (16), (17), and (18) give the desired result when y~ (H,,(2a))-2. If
0< y< (H,,(2a))-2, then by Theorem 1

Ip(m)(y) exp( - ya)1 ~ c2(a, m)(K,,(a))'" Ilpllu

~ c2(a, m)(Hn(2a))'" y-tn/2 Ilplla' (19)

Thus the proof of the lemma is complete. I

Proof of Theorem 1. We distinguish three cases.

Case 1. a ~ 1. We shall use the notations introduced in the proof of
Theorem 1. Observe that qn,y (O~y~!nlla) has all its zeros outside the
circle {z E iC Ilzl < n 1

/
a

}. Hence by an observation of G. G. Lorentz qn.)' is
of the form

n

qn,v(x)= L aj(x-nl'aV(nl/a-x)"-J
j~O

with all aj ~ 0,

so from Theorem B of [6], by a linear transformation we get

Iq~j.(Y)1 ~ c13 (a, j)(n1-1/a)j

x max ,Iqn. v(x)1
y~x~.r+(1.'2)nLa -

x exp( - .va
) (20)

To prove Theorem 2 we proceed by induction on m. In case of m = 0 the
statement is obvious. Suppose that the theorem holds for 0 ~ j ~ In - 1.
Let 0 ~ Y ~ r, n 1

/
a

-
2 ~ r ~ i n 1

/
a

, and p E W~(r). Then s:= pq". \ E

S72[a] + lI,,(Y' Y +! n1;a, r/2), so using Theorem A and (5) we have .

x max Ip(x) qn. ,.(x)1
y~x~y+(1./1)nla -

~ c I4(a, m)((k + 1)2 L,,(a, r))'"

x max Ip(x) exp( _xa)1
y~x~y+(l/l)nl,a

(21)



220 T. ERDELYI

Now by (5), (20), (21), and the induction assumption we deduce

Ip(m)(y) exp( - ya)1 = Ip(m)(y) qn,iy)1

~ !(pqn, y)(m) (y)1

+itl (;) jim-i) (y) q~)v(Y)1

~ c I4(a, m)«k + 1)2 LJl(a, r))m Ilplla

+ itl em) exp(ya) c3(a, m - j)

x «k+ 1)2 Ln(a, r))m- i Ijplla
x c

13
(a, j)(nl-I/a)i exp( _ ya)

~ cls(a, m )«k + 1)2 Ln(a, r ))m \I plla

(p E W~(r), 0 ~ y ~ r, n l
/
a

-
2 ~ r ~! n l

/
a

). (22)

Further by Lemma 1

Ip(m)(y) exp( _ ya)j

~ c I6 (a, m)(Hn(2a))m r-m/2 1Iplla

=c I6 (a,m)(LnCa,m))mll p ll a (pEII,,,r~y<oo). (23)

Now (22) and (23) give the theorem when nl/a-2~r~!nl/a. If
o~ r ~ n I/a - 2, then Theorem 1 gives the desired result. If ! n I/a ~ r < CI),

then using the relation W~(r) c W~<! n I/a) and the just proved part of the
theorem, we get the statement for all r ~ ! n I/a,

Case 2. ! ~ a ~ 1. We need a number of lemmas.

LEMMA 2. For all n ~ 2 and ! ~ a < 00 there exist polynomials Qn,a EllN

such that

and

1:5: N = N(n) := {[C I9(a)n]
- [(c I9(a)n log n]

hold with suitable c 17(a), c I 8(a), and c I 9(a).

if !<a<oo

if a=!

(24)

(25)
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By using the substitutions y = x 2 and b = 2a, this is a trivial consequence
of the corresponding result for the interval (- 00, eN) and weight function
exp( -Ixl b

) (1 ~ b < (0); see Theorem 1.1 of [5J when 1 < b < 00, and the
proof of Theorem 3 of [11] when b = 1.

LEMMA 3. If ~ ~ a < eX), r> 0, °1= V E III and

Iv(O)1 ~ c20(a) max Iv(x)1
O:;;;:x~nl'a

(26)

then v has at most C21 (a) In -1/(2a);-; roots (counting multiplicities) i"l
[0, r].

Using Lemma 1 of [2] and the substitution x= ~nl'a(l +cos tl, we
obtain Lemma 3 at once.

LEMMA 4. If! ~ a < 00, n, j ~ 0, r> 0, p E Iln has all its zeros in [2r, eN }

and Ip(O)1 = Ilplla, then

Ip(j)(O)1 ~ c22 (a, j) ( ~)J Ilplla,
Vi

where M = Nn- I ;(2a) and N is defined by (25).

Proof Let deg p = I~ n and denote the roots of p by (2r ~ )x I ~

X 2 ~ ... ~ x l ( < (0). Observe that v:= pQ" a E Il" + N satisfies (26) where
Qlla and N are defined by Lemma 2. With the notation

(v = 1, 2, ... )

from Lemma 3 we deduce that v and hence p as well have at most
c21 (al(n + Nln- 1/(2a) fi (v + 1f roots (counting multiplicities) III Iv·
Hence and from (25)

(

X; 1 )J< I c (a)(n+N)n- 1/(2al ;; (v+ 1)2-
= v ~ I 21 V 2rv4

((

x; 1)(n+N)n-I/(2alV
~ 2j2c21 (a) I ,2 I I

v~l\ ..jr ;'

~ C22(a, j) (J;r I
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LEMMA 5. If ! ~ a < 00, n ~ 1, M -2 ~ r ~ M 2 (M is defined in
Lemma 4), pEiln has all its zeros in [2/", (0), and jp(O)1 = Ilpllu' then

Ip(O)1 ~ 2Ip(x)1

with a suitable c23(a).

( XE[O, ~ Jc [0, 1J)
c23 (a M

P/"oof Let c23(a) := max [2c22(a, 1), l} and

y:= J"7 .
c23(a)M

0< y ~min{r, 1}.

As Ip'(x)1 is monotonically decreasing in (- 00, 2rJ, Lemma 4 implies

(27)

(28)

(29)

From the mean value theorem, (27), and (28) we deduce that there exists
a ~ 1 E (0, y) such that

hence

Ip(O) - p(y)1 = y Ip'(~l)1

~ J"7 c22 (a, 1)M Ilpll u

c23(a)M J"7
~! [[plla =! Ip(O)I;

2 Ip(y)1 ~ Ip(O)I·

(30)

(31)

As Ip(x)1 is monotonically decreasing in (- 00, 2rJ, (27) and (31) give the
desired result. I

LEMMA 6. Let !~a<oo, n, m~l, M-2~n~M2 (M is defined in
Lemma 4), s=pq whe/"e pEilnhas all its zeros in [2/",00), Ip(O)1 = IIPlla,
and q E Ill. Then

(m) (MU + 1)2)mIs (0)1 ~ c24 (a, m) .j7 IIslla. (32)
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Proof For the sake of brevity let

[ .,;'; JI=I(n, a, r):= 0, () c [0,1].
C23 a M

Applying Markov's inequality to q E Il, on I, we get

213

(33)

(0::£ j::£ 111), (34)

where

Xl E I is such thaI Iq(xdl = max Iq(xll·
XEI

Therefore by Lemmas 4, 5, (34), and (35) we easily obtain

(35)

LEMMA 7. Let 1::£ a < 00, n, 111 ~ 1, M -2 ::£ r::£ M 2 (M is defined in
Lemma 4), s = pq where p E Iln has all its zeros in [2r, CIJ), and q E III has
all its zeros in {z E CI 0 ::£ Re z ::£ 2r }. Then inequality (32) holds.

Proof Because of the conditions prescribed for the roots of p and q,

Is(x)1 is monotonically decreasing in {-oo, 0]. (36)

Thus there exists exactly one y E ( - 00, OJ such that

Is(y)1 = IIslla·

Now let

sex) :=s(x + y).

Then

s= Pil,

( '"''7 )
.) I J

{38}

(39)
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where fi(x) = p(x + y) E Iln and q(x) = q(x + y) E III have all their zeros in
[2r - y, 00) and {z E CI - y ~ Re z ~ 2r - y}, respectively. From (36), (37),
and (38) we easily deduce

105(0)1 = Is(y)1 = IlslI" = 110511,,·

From (39) it is clear that

(40)

Ifi(O)1 ~ Ifi(x)1 ~ lfi(x) exp( -x")1

and

(0~x~4r-2y) (41 )

Iq(O)1 ~ Iq(x)1 (4r-2y~x< 00). (42)

By (39), (40), and (42) it is obvious that

-(0 1= 105(0)1 > Is(x) exp( _x
a

)

Ip) Iq(O)1 = Iq(x)1

= lfi(x) exp( _xa)1 (4r - 2y ~ x < 00). (43)

Now (41) and (43) yield

Ifi(O)! = lifilla· (44)

Because of (39), y ~ 0, and (44), Lemma 6 can be applied to 05 = pq; thus
also using (38) and (40) we obtain

(
M(l+ l)2)m

Islm)(Y)1 = Is(m)(O)1 ~ c24(a, m) -J7 Ilslla

(
M(l+ 1?)m

C (a ) II II (M -2 =<,. _<_ M 2 ).= 24 , m -J7 S a (45)

By Gauss' Theorem slm)(x) has all its zeros in {z E iC IRe z ~ O}; hence y ~ 0
yields

which together with (45) gives the lemma. I
Now let

IlplI",,,:= sup Ip(x) exp( _xa)1
c5~x<co

We need the following

(p E Iln , a, <5 > 0).

(46)

(47)
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LEMMA 8. (a) For all 0 ~ k ~ n, m ~ 1, r, a, b > 0 there exists a
o 1- s* = s:.k,m,f.o E W~(r) such that

Is*cm)(O)1
IIs*lla,o

Is(rn)(o )1
sup

SE W;:(f) IIsll a,o
(48)

(b) s* has at most m roots (counting multiplicities) in

D4(r):= {zEC\lRllz-rl >r}.

The proof is rather similar to that of Lemma 5 of [2], so we omit it.
Now let;; = 1/4n2

• Then using Markov's inequality (l) on [0, 1] (with
m = 1) and the mean value theorem, we easily obtain

IIPlla ~2e l!plla,J (49)

From now on let s* := S::'.k,m,f,J' Then in the same way as in [2] (see
(20)-(37) there), from Lemmas 7 and 8 and (49) we can deduce that

Is*<m'(O)1 ~c2S(a, m)((k+ 1)2 L,,(a, rJr'

xlls*lla,b (M-2~r~M2)

whence because of the maximality of s* we get

(50l

/s(m)(O)1 ~ c2S(a, m )«(k + 1f Lfl(a, r»m IlslI",.)

~ c2S (a, m)((k + 1)2 L,,(a, r»m Ilslia

(SE W~(r), M-2~r~M2). (Si)

Now observe that pE W~(r), yE [0, rJ imply s(x):= p(x+ Y)E W~(r/2);

thus, applying (51) to s and using that x a + yQ?;(x+ y)" (x, y;;;O,
O<a~ 1) we obtain

IpCm)(Y)1 = Is(m)(O)1

~c26(a, m)«(k+ 1)2 Ln(a, r»m Ils!la
~ c26(a, m)((k + 1)2 L,,(a, rJr' exp(ya)

x sup Ip(x + y) exp( - (x + )')a)/
x~O

~ c26(a, m)( (k + 1)2 Lfl(a, I"»m exp(ya) Ilpll a

(pE W~(r), O~ y~ 1", M- 2
~ r~ M 2). (52)
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This together wih Lemma 1 yields the theorem, when M -2 ~ r~ M 2
• If

0< r ~ M -2, then Theorem 1 gives the desired result. If M 2 < r < 00, then
the relation W~(r) c W~(M2) and the just proved part of the theorem yield
the statement.

Case 3. 0 < a < i. Now Theorem 1 implies Theorem 2. I
Proof of Theorem 3. We shall use the following infinite-finite range

inequality,

with suitable c27(a), c28(a) ~ 1. By using the substitutions y = x 2 and b = 2a
this is an obvious consequence of the analogous result for the interval
(-00,00) and weight function exp( -Ixl b) (b>O); see [7, Theorem A] or
[10, Lemma 6.3]. To prove the sharpness of Theorem 2 when k=O,
1~ m ~ n, and 0 < a i' i, we distinguish three cases.

Case 1. 0 < r ~ (n/4m) c28(a)n l
/
a if 1~ a < 00, or 0 < r ~ (n/4m)n2- 1

/
a if

i < a. Let

(1 ~ J~n),

X.=(C28(a)nlia_ 4mr)cos(2n-2J+l)n
) 2 n 2n

+ c28(a) I/a--n
2

(54)

and

(1 ~J~ n), (55)

n

s(X)=sn.m,r,a(x) = L (x-zj)(X-Zj)E W~(r). (56)
j=l

By Lemma 3 of [1] and (53) we easily deduce that

Is(O)1 = max Is(x)1
o~ x ~ C2s(a)n"'a

~ max Is(x) exp( _xa)1
O~X~C28(a)nl.la

1
~-(-) Ilslla'

Cn a
(57)

So using the notation q(X)=L;I~l (x-xj ), (54)-(57), and the assumption
of this case, by a simple calculation we get
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Case 2. (n/4m) c28(a)n 1/a <r< 'Xl, a~1. Now the polynomials
sn.m,r,a = x" show that Theorem 2 is sharp when k = 0 and 1~ m ~ n,

Case 3. (n/4m)c28(a)n2-1ia~r<CIJ if ~<a<l or O<r<cc if
0< a <~. Now the polynomials s",mJ,a = x gi;e the desired result. I

Of course the sharpness of Theorem 2 when k = 0, 1~ m ~ n, and
0< a f= ~ implies the sharpness of Theorem 1 as well.

Note 2. Theorem 2 and the examples of Theorem 3 yield that

IIs(m1il
c29(a, r)(L,,(a, r)r' ~ sup~~ c3(a. m)(L,,(a, r))'"

(O~r<cf:;', l~m~n.O<af=~)

holds not only in the case when the supremum is taken for all polynomials
from W~(r), but for all polynomials from II" having all their zeros in
{zEiClllmzl ~r}.

Proof of Theorem 4. We need

LEMMA 9. (a) For each n ~ 1, I' ~ 0, a, 0> 0. and °~ y ~ r there exists
a polynomial p* = P~r,a,b.y E V~(r) such that

Ip*'(y)1 Ip'(Y)1

II * II = sup 'I 'P a,b,y pE V?,(rl Ilpl a,b.y
(58)

where IIp!la,b,I':= sUP[O,CCI"(y-b,y+b) Ip(x) exp( _xa )!.

(b) p* has all but at most one root in [0, 1'] U {z E iCI Re z = r}, and
the remaining (at most one) root is in (- w. 0).

The proof of this lemma is rather similar to that of Lemma 5 of [2], so
we omit the details.
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It is easy to see that for all a> 0, n ~ 1, and y ~° there exists a
0< 3= 5(a, n, y) < 1 such that

IIplla~21IPlla."'Y forall pEiln. (59)

By Lemma 9 P*E V~(r) satisfying (58) with 6=5 is of the form

p*(x)=(x-xo)" V!JI (X-XJ(to a/x-r)Z) (60)

where

XOE(-OO,O), a:=0, or a:=I,

X,.E[O,r] (I~v~P)

aj~O (O~j~y)

and

Let

II = {jE N10 ~j~y, P+ 2j < 2(4r + IV},

Iz = {jE N 10 ~j~ y, P+ 2j~ (4,.+ 1)a},

and

(61)

(62)

(63)

(64)

(65)

(66)

fJ
Pj(x) :=(x-xo)" n (x-xv)aj(x-r)Zi

V= 1

By (60), (65), (66), and (67) we have

P*=/l +12'

where

(0 ~ j~1'). (67)

(68)

11 := L Pi and 12 := L h
jel{ jel-].

By (67), (61), (62), and (66) forjElz and O~y~r we obtain

jp;(y) exp( _ ya)j

(69)

/Pi(4r + 1) exp( - (4r + IV)/

~ (a: + P+ 2j)3 1 - fJ - Zj exp( (4r + 1V)

~ 3(1 + P+ 2j)3 -({J+ 2j)j2 exp«4r + I)Q - (P + 2j)j2) ~ c30 • (70)
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Thus from (67), (69), (70), (68), (63), (59), and 0<6< 1

I/~(Y) exp( - ya)1 ;;:;; C30 1/2(4r + 1) exp( - (4r + 1)a)1

;;:;; C30 Ip*(4r + 1) exp( - (4,. + 1)a)1

;;:;;c 3oiIP*/la,b,y (O;;:;;y;;:;;r). (71)

By (69), (65), and 0;;:;; rx;;:;; 1, /1 is a polynomial of degree at most 1:=
min{[2(4r+l)a+l],n}, so using Theorem 1, (63), (68), and (59) we
obtain

il'lCr) exp( - ya)l;;:;; cz(a, 1) K/(a, r) II/Ilia

;;:;; c31 (a) GAa, r) II/I IIa
;;:;; c31 (a) Gn(a, r) IIP*lla

;;:;; 2c 31 (a) Gn(a, r) IIp*lla,b,y (0 < a < C/J, 0;;:;; y < co).

(72)

From (68), (71), and (72) we get

Ip*'(y) exp( _ ya)1

;;:;; cda) GIl (a, r) IIp*lla,J,y

hence the maximality of p* yields

Ip'(y) exp( - ya)l ;;:;; c32(a) Gn(a, r) II pll a,<>, y

;;:;; c3Z(a) Gn(a, r) Ilplla

(pEV~(r),O<a<C/J,O;;:;;y;;:;;r). (73)

Now let p E V~(r) and Z E [0, C/J) be arbitrary. Applying (73) with Y = 0 to
p(x) := p(x +z) E V~(r) and using the inequality (x + zt;;:;; x a+ za (x, z ~ 0,
0< a;;;; 1) we obtain

Ip'(z) exp( _za)1 = Ip'(O) exp( _za)1

;;:;; cda) Gn(a, r) !Iplla exp( _za)

;;:;; cda) Gn(a, r)

x sup Ip(x + z) exp( - (x + zt)1
O~x<oc·

;;:;; c3Z(a) Gn(a, r) I!plla

(pEV~(r),O;;:;;z<C/J,O<a;;:;;l), (74)

IfP E V~(r) and r;;:;; y;;:;; t n l
/
a, then (d. (5) s := pqn" E Jl(Z(a] + Iln has an

its zeros outside the circle with diameter [y, n l
/
a

]; thus s is of the form
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d

S(X) = L bv(x- y)" (n lia - X)d-v
v=o

with bv~O (l~v~d) and d=(2[aJ+I)n; thus a theorem of G.G.
Lorentz (see Theorem A of [6J) and (5) yield

c33(a)n
Is'(y)j ~ I/a max. Is(x)j

n - y y",x~nLa

(75)

Hence and from (7)

jp'(y) exp( - ya)j ~ js'(y)j + jp(y) q~,y(Y)1

~ c3S(a)n l
-

l
/
a Ilplla

(pEV~(r), l~a<oo,r~y~~nl/a). (76)

By Lemma I we have
n1-1/(Za)

jp'(y) exp( - ya)1 ~ c36(a) JY IIplla

~c37(a)nl-l/a Ilplla

(pEIln , ~ <a< 00, ~nlla~y< (0). (77)

Finally we have

IIp'lIa ~ c3S(a) Ilplla (78)

(see Theorem 2 of [llJ and Theorem 1). Now (73), (74), (76), (77), and
(78) yield the theorem when m = 1. From this, using Gauss' theorem, by
induction on m we immediately obtain the desired result for all m ~ 1. I

Proof of Theorem 5. Let Tk(x)=cos(k arccos x) be the Chebyshev
polynomial of degree k and let

(79)

(80)

(81 )

where

k:=[cz;:rJ~n
with czs(a) ~ 1 defined by (53). Then using (53), (79), (80), and (81), by a
simple calculation we obtain
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~ c40(a, m)(l + min{r 2"-1, n2 -l,a})'n Ilpk II"

(i<a<C1J,k~m+l).

231

(82)

Further, for the polynomials Pn(x) :=XnE v7,(O)c V?,(r) (r~O) we have

(1 s_ a < x, n"2:._ Tn + 1)'
(83)

(0 < a < if;', n = m + 1).

Now (82) and (83) give the desired result. I
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